
Math 565: Functional Analysis
Lecture 21

Cor . For a Hilbert space H
,

HP is a Hilbert space ,
i

. e. its loperator) norm comes from an inner product,

namely :(f
,g := < " (g) ,
il

,
i
.

e. < Ex
, Eye : = <y ,

X >, where CHEHFi xifx.

Proof. We only needbe check Mut < &Ex ,Fy = d < Ex
,
ty :

(Ltx
, fie= < fix

,
fy(o = (y ,

[x) = < <y , x) = x(fx
,

+978 .

We also check /Ifxl= <F
,
fo : Ilfoll = 11x(12 = <

,
x > = <Ex

,
F**,

Cor
.
let 2 : Ha> H: x +*

x
and 10 : H

*
-H**: IF be the natural maps an in Rieszep.

Then CHOCH is De map
x **: H + H**. In particul ,

Hilbert spaces are reflexive

Proof
.

Fix xEX. Then IH(x) = Ex and Fylfy) : = <ty ,xp = (x
, y> = fy(x) = * (fy).

Adjoints.

ht TC B(H) : = BCH
,
H)

.
Then for each yel , the map x1> >Tx

, y2 : H + & is a bod linear

functional (by CBS ,
KTx

,
32/ = llTx/Illyll = 1TIIIyxll so the room of his

map is IIITIIgII).

Includ
,

<TX
, yc = fy(TX) = fy0T(x)

,
so it the bod him

.

func fyot. By Riesz
, foot= fz

for some unique zEH ,
i

.
e

.
< Tx

, y) = < X
,
7) for all xEH. We denote Thy : = z.

The map T&: H + H is called the adjoint of t and it is unique determined by
property : <TX

, y)
= < X

, Toys for all x
, yeH .

(k)

Prop . LetH be a Hilbert space and TEBCH). HbeT
"

H

(a) Th B(H)
,

in fact
,

115811 : 11TII
. 1 G ↑1 where T : H -> H

.

(6) To = 1 oTt oc
,
where c : H= H* x + Ex .

He
+

H

(c) T**
= T and (SoT)

*
= To , So

(d) limT)" = berT* and (herT)"= imTO
.



Proof
.

(a) To check Toky + Bz) = &T&

y
+ BTz

,
we just need do dow Rat &T+ & **-

satisfies () : for each xtH,
(x, <T

&
y

+ BTE) = [(x
, it + 5 (x,+*2) = J <Tx

, y) + GcTx
,
z) = cTx

, dy +Rz)

= <X
,

+& (dy +&z)) .

To verify IITEI1 : Kill
,

we use the expression of norm via max inner products
11T1) = cup 11Tx/=p,y= x

,
+) = xp(15) : 11+* 1.

1x1) = 1 Ilyll = 1

(6) Check Toc = coT*: Toc(y) = This = foT = Fi = c (TY) = coT
*

(y) .

(2) Check (*).

(d) Obs 10 via inner product. For each xEH
,

v = 0 <= <X
,y = 0 VyEH . ( · Take y: =x

.

)

Fix yEH . Then ye PerTo c Toy =Pix
, Thys =0 for all xeH

=2 <Tx
, y)

= 0 for all xCH <EyelimTht
This proves KerT-limT)t . For (kerT)t = inte

, apply the first part to it :

Limit = limit = herThe = hert
,

so IkerTht = limta) "t = in T8
.

Algebraic characterization of projection. ItH be Hilber space. An operator PCBCH) is an othogonal
projection Conto a closed a closed subspace , namely ,

P(H)) <=> P2 = P = PR.

Proof. => Fix xt H
.

Then x = P(x) + (x- P(x))= Xo + X,
,

where X
.
EP(H) and X , EPLHt

Clearly Pix) = P(x) and Fx
,CH ,

< Px
, y)

= <Xo
, Yoty ,

3 = <Xo
, You = <Xo+ X1

, YoY = Ex
, Py >,

so P = p&

E.

P2 = P gives FxCH ,
X-P(x)EkerP become P(x -P(x)) = P(x) - P "(x) = P(x) - P(x) = P

.

Also
, limpp) = (inP)" = herPK = berP. Now if ximP Men x-PHEherP1imP,

but on the olde hand x-P(x)EimP hence x-P(x) = P so x = P(x)imP
,

se .

imp in closed
.

Furthermore
,
X-P(x) Keep hence x-PxLimP

,
so P

= Projime

Recall that for Hildest spaces H ,
He

,
a map

U : HitHz is called unitary if U is a bijection



and preserves the inner product: Uh
,
Uh = Ch

,
Us for all G

,
UEH

· By polarization
identity , every inometric linear isomorphic is unitary.

Algebrair dearacterization of unitaries
.

LetIf be a Hilbert space. An operator UEBCH) is unitary
==> U is a bijection and 48 = Ut.

Proof.
.

We Now Want U" fulfills The role of Ut : for all
,EH,

(x
,
u
y) = <Ux

,
Un

+

y) = <x
,>

E
. Only med toow Not U preserves the inner product : for all X

, 3 EH,

< Rx , Uy) = (x
,
u

*

(y= (x
,
U

+

(y) = (x
,y

Orthonormal bases .

letH be an inner product space .

A family Juihiet is called othonormal if Kill=) and
> Hi

,Uj) 20 Vizj in I.

Prop .

For
any finite orthonernal family quibiet ,

I finite
,
and all xelt,

proj= proj=x,U
,
where M := SpanSilizz .

In other words,
it I

X- zx, uibui 1 span Guiliet
iEI

Proof. We just varify the last statement : <X-Z,
4 : >Ki

, uj) = <X
, 45)

- xx
,49) = 0.

Los(Bessel's inequality). Let Sribiet be an othonermal family in an inner prodspace H
,
where

& is arbitrary . Then for all x H
,

= kx
,
uis) 111x11

itI
In particular ,

Ix := Lie F : < X
,

4 : 3#03 is utbl
.

Proof. It is enough to dow that for
any

finite IoI, ,ii ? CHW
But this follows from the previews prop. by Pythagoras : Letting Mo =

span (MiLitto,

1) projxl[lIxIR and Uprojl : llxiwill = Iky
, ui?

it In ItIn



Def . Let X be a normed rector space and Ixilici=X be a spotentially unctbl) family of rectors.

We say that
the series

·EX : converges (in norm) to a rector xEX
,
and write* = X

,
if

all butotbly many X : are O
,

i
. e. Io := SizI : xi +0) is ctbl

,
and for any bijective enmer-

tion Io = (ininai
,
where NEIV343

,
the series in converges to x in morm,

Def
.
4t I be an inner product space. A family (MihietEH is called an orthonormal basic (fort)

if it is prthonormal and x=EX ,
visi for each xtH

.

In particular,X,i
=0 for all but oblizI.

Prop (PNbasic Hamel basis). If It is on &-dim Hilbert space ,
the no othonormal basic Mihiet

is a linear (Hamel) basis
.

Propf
.
Bease dim CH) = &

,
I has no be infinite so it contains a othly infinite subset

,
WLOG

,
IN EI.

let M = spankenhue . By Baire category , Shaine is not a linear (Hawell basis for M,

so Ex + MLM
.
We show What x # spanuilies .

Indeed
,
otherwise X = Educat

42 N

& Gilli for some NEI and finite IoEIVIN .
But for each i FIN

,
UitA nence

itIo

ui+X
,

10 To must be empty ,

hence xEM
,

a contradiction.


